Simultaneous Localization
and Mapping (SLAM)
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We are going back to estimation, but now consider that we don’t have a model
of the environment a priori



Mapping

e “Whatis around the robot?”

e (iven arobot’s location, construct a representation of the world around it.

e How do we represent the map?

e What assumptions do we make about the map? (e.g., static?)




Localization

e “Where is the robot?”
e Given a map of the robot’s world, determine where the robot is.

e We have already seen various solutions to the localization problem (Gaussian
filters, non-parametric filters, etc.)




SLAM: Simultaneous Localization and
Mapping

e But...

e Localization assumes a map to be available
e Mapping assumes localization to be solved

e C(Chicken-and-egg problem




Recall the Bayes’ Filter

 Recursive Estimate/Posterior belief:

bel(x) = p(x,| zy.,» Ug.p» Xo)

Find

Prediction
Previous posterior belief Current prior belief Measure
Uy
P (xt—l | 20:t—1> uO:t—l) — P (xz | 20:1—12 M();t> /
4 =

r+1

p (xt | Z0.p0 ”O:t) & P (xt | 20:4—15 ”O:t)

Current prior belief

Correction



Key Considerations

e Map representation

e Batch vs. Online

e Data association (feature correspondences)



Mapping from Known Poses

e Problem statement:
e We know the trajectory of the robot and we have all of the measurements
e We are only estimating the map (x, is just the map)
e How torepresentit?
e What assumptions should we make about it?
e e.g it'sstatic?

o f(xta Uy, Wl‘) = X1 7 bél(xt) = bel(xf—l)






k=13 k=12 k=11

If trajectory were given:
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Map Representations
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Occupancy Grid Maps

e Introduced by Moravec and Elfes in 1985
® Represent environment by a grid.

e Estimate the probability that a location is occupied by an
obstacle.

e Key assumptions
@ Occupancy of individual cells (m[xy]) is independent

Bel(m,)=P(m, |u,,z,....u,_,,z

= nBeZ(mgxy])
X,V

t

Robot positions are known!



Updating Occupancy Grid Maps

® [dea: Update each individual cell using a binary
Bayes filter.

Bel(m,"") =1 p(z, |m" ) [ p(m,”" |m 5’ ,u,_) Bel(m ) dm,

e Additional assumption: Map is static

Bel(m™") = p(z, | m®")Bel(m"")




Occupancy probakility

Combination of a linear function and a Gaussian
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Laser Rangefinder Sensor Model
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Incrementally Update the Map
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Duckietown



Resulting Map

Duckietown



Maximum Likelihood Estimate

Clip the occupancy grid map at a threshold of 0.5
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Pose Estimation (with no prior map)
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Motion integration (odometry)

. ideal (noiseless) world
We can estimate

motion between consecutive k=4 k=5
poses from motion controls k=3, . . e _1_,.____< 6

K= <—T 1—> K=7
=1 F ks
k:O<+1 %* k=9

k=13 k=12 k=11



Motion integration (odometry)

We can estimate 5

. . 7
motion between consecutive N ,
poses from motion controls \F :\/ . 4“ /jb

real (noisy) world



Motion integration (odometry)

creenRecorder
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Motion integration (odometry)

what about using
better sensors?

\ 4

Inertial Measurement Unit (IMU):
o accelerometer: accelerations

o gyroscope: angular velocities

®* magnetometer: magnetic north direction



Motion integration (odometr

reenRecorder
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Motion integration (odometry)

DEAD %FEC/@V/A/G AT SEA

Blindfolded people
IN the desert are not able
to walk on a straight line

A navigalor can toke
/77e323Urements of e 5/11,0 R
Speed and direction and the effects of N
wind and currernt. /e can estimate the Spps
localion 1aurly sccurately - at least over
Short distances.

Souman et al. 2008

http://news.nationalgeographic.com/news/

2009/08/090820-walk-in-circles-video-ap.html



http://news.nationalgeographic.com/news/2009/08/090820-walk-in-circles-video-ap.html
http://news.nationalgeographic.com/news/2009/08/090820-walk-in-circles-video-ap.html

Pose Estimation + Landmarks

e motion estimation (odometry) drifts over time,
for any (real) proprioceptive sensor

¢ |dea: use external landmarks in the environment to
reduce/avoid drift (need exteroceptive sensors)

; ))m '.H;;,g

exteroceptive sensor:

landmarks: april tags



Combining odometry & landmarks:
the SLAM problem
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Feature-based SLAM in Duckietown

RViz* = B 3 W) 12:41PM L%
@ RViz*
\ @Interact 73 Move Camera | J jSelect  «@- Focus Camera mm Measure 2D Pose Estimate # 2DNavGoal @ PublishPoint ok om o
I pisplays x @ Views *
Z v @ Marker ™~ - . .
Type: | Orbit (rviz = Zero
» v Status: Ok yp (rviz) =
‘A Marker Topic [ferrari/gtTrajectory v Current View  Orbit (rviz)
Queue Size 100 Near Clip... 0.01
— > Namespaces Target Fra... <Fixed Frame>
S v @ Marker Distance 6.60832
> v Yaw 1.60041
- Pitch 1.5698
e » Focal Point -0.85367;-1.1915...
v [& image

v @ Marker ™
» v Status: Ok
_ Marker Topic /ferrari/slamTrajectory

Save Remove Rename

(O Time

Bl ROS Time: | 1453244348.77 ROS Elapsed: |16.73 Wall Time: |1460565692.11 wall Elapsed: | 16.74 Experimental

‘ Reset 29 fps




Simultaneous Localization and
mapping

e Problem statement:
e Jointly estimate the map and the robot pose within the map.
e State is now comprised of robot poses and map representation
® X 2 (P, m)

e feature-based representation: m = {lj}



SLAM: a bit of history

. . Mobile Robot Localization by Tracking Geometric
gffi?n“ﬁm Smith*  OQn the Representation Beacons

Menlo Park, California 94025 and EStlmatlon Of John J. Leonard and Hugh F. Durrant-Whyte
Peter Cheeseman

NASA Ame Spatial Uncertainty

Abstract—This short paper presents the application of the extended
Moffett Field, California 94025

Kalman filter (EKF) to the problem of mobile robot navigation in a
known environment. We have developed an algorithm for model-based
localization that relies on the concept of a geometric beacon—a natu-

1990 1995 2000 2005 2010 2015



Ql AM:- a hit nf hietnyv

Simultaneous Localization and Mapping with
Unknown Data Association Using FastSLAM

Michael Montemerlo, Sebastian Thrun

Rao-Blackwellised Particle Filtering for Dynamic Bayesian Networks

Arnaud Doucet! Nando de Freitas' Kevin Murphy' Stuart Russell!

Abstract— The Extended Kalman Filter (EKF) has been the to only a few hundred—whereas natural environment mod-
de facto approach to the Simultaneous Localization and Mapping els frequently contain millions of features.
(SLAM) probfem for nearly fifteen years. However, the EKF has two . .
corionc deficiencies that nrevent it fram heing ann;ipd to laree. real. SCCODd, EKF-based SLAM a-lgor“-hms rely heaVlIy on

1990 1995 2000 2005 2010 2015



SLAM: a bit of history

Globally Consistent Range Scan Alignment for Environment

1ISAM: Incremental Smoothing and Mapping
Mapping

Michael Kaess, Student Member, IEEE, Ananth Ranganathan, Student Member, IEEE,
and Frank Dellaert, Member, IEEE

F. Lu? E. Milios
Department of Computer Science,

York University,
North York, Ontario, Canada
{lufeng, eem}@cs.yorku.ca

Abstract— We present incremental smoothing and mapping
(iSAM), a novel approach to the simultaneous localization and
mapping problem that is based on fast incremental matrix
factorization. iSAM provides an efficient and exact solution by
updating a QR factorization of the naturally sparse smoothing in-
formation matrix, therefore recalculating only the matrix entries
that actually change. iSAM is efficient even for robot trajectories

counterintuitive at first, because more variables are added
to the estimation problem, the simplification arises from
the fact that the smoothing information matrix is naturally
sparse. In contrast, in filtering approaches the information
matrix becomes dense when marginalizing out robot poses.
As a consequence of applying smoothing, we are able to

April 17, 1997 '

EKF-SLAM MAP estimation
1990 1995 | 005 201C 20

Duckietown




SLAM: a bit of history

Not included in today’s lecture:
e sparse extended information filters
o set membership methods
° topological SLAM
o many others..

\4

EKF-SLAM MAP estimation

1990 1995 | 005 201C 20

Duckietown



Recall: the Special Euclidean Group

SE(3): 3D poses, -
rigid motion in 3D L

...............................

SE(2): 2D pose,
rigid motion in 2D

C?S(ek) — sin(6g) ] b — { tr

(W} —>



Recall: the Special Euclzi)dean Group
k+1

Pk

2D pose
composition i i
‘ Pk+1 = Pk U = b ety
) RyR.,
Ut > /
Or + 0.,
2D pose

Inverse




SLAM: inputs

e Input: sensor measurements

1. odometry: motion
/ noise

Pk+1 = Pk - Uk * €y

L’ Pr+1 = f(Pk, Uk, €u)

W}

2. landmark measurements:

measurement
7 noise

—1
2ki = Dy 1€,
L’ 2% _hpkaljaez)

{W} >




SLAM: outputs

e Qutput: state estimate

1. Robot poses:

current pose: P
or
entire trajectory:

{plap27 I 7pk}

2. Landmark poses:

{l1,lo,..., 5}
STATE: Lk — {pk,ll,lg, o ,ZM}



A General Solution: The Bayes Filter

odometry exteroceptive measurements

v v

ur 2k = {2kj,V observed landmarks j}

P (xk—llulzk—la Zl:k—l)




Feature-Based SLAM Bayes’ Net

e
o



View-based SLAM Bayes’ Net




A General Solution: The Bayes Filter

Lhk+1 — f(mkauka eu)

Prediction (includes odometry in belief)

P (a:k|u1;k, Zl:k—l) _— (iUk—l |U1:l~c—17 Zl:k—l) dzri—1

motion model

Update (includes other measurements in belief)

P(xg|u1.k, 21:5) = AP (2g|Tp)IP (2k|u1.5, 21:6—1)

measurement
model e — h(:ck, Ez)
q’ feasible for the lane filter (2 parameters to estimate)

X intractable in high-dimension (as in SLAM)



Kalman Filter

-~ ldea: add assumptions and parametrize
Q the pdf to make Bayes Filter tractable

Generic pdf: P (xk|u1.k, 21.1)

\ 4

¥ exp ((ib’k — ) "B (ke — Nk))

Gaussian pdf:

1

(27) 3 det (S,

1=(0,0)" z:[

4

0.25 0.30
0.30 1.00

LE  mean

>l covariance

>, " information-matrix



Kalman Filter

-~ ldea: add assumptions and parametrize
v the pdf to make Bayes Filter tractable

Lh+1 — f(xka U, Gu) » Lh+1 — Ail?k -+ BUk + Bueu

motion model
» 2 = Cxr + D€,

Linear Gaussian Model: Gaussian pdf + linear model

Rk =— h(fl?k, Gz)

measurement mode|



Kalman Filter

In the linear gaussian model,
the Bayes Filter admits a closed-torm solution

Tpi1 = Axr + Bug + Byey

Measurement.

Initial .
N(xl’ 1) noise:

state: €. ~ N(0, R)

Prediction (includes odometry in belief)
P(zk|utk, 21:6—1) = /]P’(ZL’HZL‘k—l,uk)P($k—1|u1:k—1,Zl:k—l)dﬂ?k—1

Update (includes other measurements in belief)

P(zk|ui.k, 21:6) = a P(zk|zr) P(Tr|uik, 21:6—1)



Kalman Filter

In the linear gaussian model,
the Bayes Filter admits a closed-tform solution

Tr+1 = ATk + Buyg + Byey
zr = Cxr + D.,e,

Measurement.

Initial R
N(ml’ 21) noise:

state: e. ~ N(0, R)

Prediction (includes odometry in belief)

o j;]; — AZ_1 + Bug
P (wk‘ulzka Zl:k—l) — N(xk 7zk ) » EI; = AEkAT + B’UJQB;IL-

Update (includes other measurements in belief)

P(zk|ui.k, 21:6) = a P(zk|zr) P(Tr|uik, 21:6—1)



Kalman Filter

In the linear gaussian model,
the Bayes Filter admits a closed-form solution

Tht1 = Az + Bur + Byey
zr. = Cxr + D€,

Initial
state:

Motion
noise:

Measurement.
noise:

N (Z1,%1) €, ~ N(0,Q) e, ~N(0,R)

Prediction (includes odometry in belief)

o j;]; — AZ_1 + Bug
P (xk‘ulzka Zl:k—l) — N(wk 7zk ) * EIZ = AEkAT + B’UJQB;IL-

Update (includes other measurements in belief)
K=Y C'(C%,C"+ B,RB])™!

P (xg|uik, 21:6) = N (Zk, Xi) * Ty =I), + K (2, — Oy

S = (I — KC)S,



but our system is nonlinear...

Extended Kalman Filter

e take linear approximation around current state estimate

i1 = f(Zk, Uk, €4) % Thtl = Az + Bug + B,€,
motion model

Zle — h(:l?k Ez) _ _ _
’ > 2. = Cxr + D€,

measurement mode|

e apply Kalman filter recursion to linearized model
(but propagate mean using nonlinear model)



EKF-SLAM

Duckietown


https://www.youtube.com/watch?v=vCVS9WAffi4

Limitations
e Filter divergence: linearization may be a poor
approximation of original nonlinear system

i1 = f(Th, Uk, €4) % Tyl = Az + Buy + Byé€y
motion model

2k = h(zg, €,) B N N
: % 2L = C:Ek -+ Dzez

measurement model

e Robusthess: noise, outliers

e Scalability: complexity is quadratic in
the number of landmarks

e Convergence? Consistency?
hard to provide performance
guarantees



Particle Filter-based SLAM

e cstimate entire trajectory (+ landmarks):

{L'k, — {p]_) ... 7pk’7 11’ . . e 7l]\4'} I

® posterior tactorizes:

]P)(ajk’ulzk;,Zl:k) — P(pl, “ o ,pk,ll, « o 71M’u1:k721:k) —
=P (p1,...,06lutk, 21:6) P (U1, ..o L1, - - -, PRy Uik, 21:k)

trajectory posterior mapping from known poses



Rao-Blackwellization

P(xklulzkazl:k) — P(pl, “ o 7p/€7l17 .. °7ZM|U1:k7Z1:k) —
=P (p1,...,Pk|U1:k, 20:6) P (L1, - o5 I[P, - -+ PRy ULk, 21:8)

M
= P(p1, .o i) Ut 21:2) | [ PLilprie, uri, 21:8)

Part'C'e - Landmark 1 | Landmark 2 il Landmark M

Partlcle -
Partlcle -

Landmark 1 | Landmark 2 Landmark M

.
—_

Landmark 1 | Landmark 2 Landmark M



Particle Filter-based SLAM

IP’(xkluLk,zl:k) — ]P(pl, c e ,pk,lla .. °7lM|u1:k7Z1:k) —
— P(ph ¢ oo ,pklulzk,zl;k)P(ll, o o .,ZM|p1, oo 7pk7u1:k721:k)

trajectory posterior  mapping from known poses

Q Idea 1: use a set of Q Idea 2: for each

weighted particles to particle, do mapping
approximate trajectory from known poses
posterior




Particle Filter-based SLAM

P(.Tk;lUl:k;,Z]_:k) — ]P)(pl, ¢ oo ,pk,ll, .. ‘7ZM|u1:k:7Z1:k) =
:P(ph'°°7pk|u1:k:7z1:k)P(lla°°°7lM|p17'°°7pk7u1:k7zlzk)

trajectory posterior  mapping from known pPoses

Q Idea 1: use a set of Q Idea 2: for each
welighted particles to particle, do mapping

approximate trajectory from known poses
posterior




Particle Filter-based SLAM

P(.Tk;lUl:k;,Z]_:k) — ]P)(pl, ¢ oo ,pk,ll, .. ‘7ZM|u1:k:7Z1:k) =
:P(ph'°°7pk|u1:k:7z1:k)P(lla°°°7lM|p17'°°7pk7u1:k7zlzk)

trajectory posterior  mapping from known pPoses

Q Idea 1: use a set of Q Idea 2: for each

weighted particles to particle, do mapping
approximate trajectory from known poses
posterior

v .
o .
‘0 .
.
L, )




Particle Filter-based SLAM

Prediction

Lk+1 — f(mkv Uk, eu)

motion model

'

Weight update

Ll — h(:ck, Ez)

measurement mode|

'

2 samples |
Resampling




FAST-SLAM - Prediction

'y Landmark #1
(> ‘ Filter
Particle #1
E"" Landmark #2
B ) Filter
Particle #2 (3/
Particle #3
.
J




FAST-SLAM Update (pt. 1)

'y Landmark #1
(- ‘ Filter
Particle #1
T Landmark #2
Qi% ) Filter
Particle #2 (3‘

Particle #3 ‘




FAST-SLAM Update (pt. 2)

Cs 1%

Particle #1 Weight = 0.8

Particle #2 (3 G Weight = 0.4

\Vi

Particle #3 0 Weight = 0.1




Particle Filter View-based SLAM

Grisetti, 2007




Particle Filter view-based SLAM

samples represent possible trajectories of the robot

Top:
ground truth

Left:
PF-SLAM

Right:

mapping
from
odometry




PF-SLAM in ROS

gmapping: ROS
package for
PF-SLAM

Plug & play,
but requires a
2D laser scanner
and a decent
odometry

[courtesy of Cyrill Stachniss]



Advantages & Limitations

Relax EKF assumption «
nonlinear, non-Gaussian,
less strict requirements on measurement model

Particle depletion X

when uncertainty is large, a limited number of
particles if a poor approximation of the posterior
(poor performance in 3D)

# particles VS computational cost X
the more particles, the better the estimate, but

computationally expensive



Maximum a posteriori (MAP)
Estimation uk 2

L~
Bayes b

o MAP estimation is an
alternative to Bayes filter
e rather than computing/
approximating posterior,
we ook for its peak




Maximum a posteriori (MAP)
Estimation Uk 2k P (zk|uk, 21:5)

)
il

Bayes
Filter

ry; = argmax P (zg|ui:k, 21:k)
U 2k Tk
V times k

& estimator <

= arg max

r10rs
p -




Maximum a posteriori (MAP)
Estimation

e we estimate the entire trajectory and the landmark poses

xk:{plaﬂwpkalla“wll\/l}

Ty = ar gmaXIP’ (Tk|u1.k, 21:x)

U Rk
‘v’tm k MAP
estimator >
—agmax :




Posterior Probability

e Posterior probabillity:

P(x|u1.k, 21:6) = a P (u1.k, 21.%|) P (x)

measurement likelihood prior

e Measurements are independent (recall, P(4,B) =P(A)P(B))
P(x|u1.k, 21.6) = a P (ur]|z) P(21|x) ... P (uk|x) P(2k|z) P(x)

 MAP estimate:

r* = arg;naXIP’ (ur|z) P (z1|z) ... P (up|x) P (2zg|x) ]lf ()

without prior becomes maximum likelihood estimation



The Factor Graph

Duckietown



Linear Gaussian (LG) Model

¢ | inear measurements with additive Gaussian noise:

2k = O + €, e, ~ N(0, R)
ur = Arx + €, €w ~ N(0,Q)
* Measurement Likelihoods:
P (zi|z) = 7y exp ((zk — Crz)"Q 2k — Ck@) — v, exp||zk — Crz||%

P (ug|x) = v, exp ((uk — Apx) R (uy, — Akzz;)) = Yy €XPp ||ug — Ak:vHé

e Gaussian prior: P (z) = vz exp ||z — ull§



MAP Estimation in LG Models

e MAP estimate:
r* = argmax P (ui|x) P (z1|z) ... P (ug|z) P (2|z) P (x)

’” &

¥ = argmaXH (exp |2 — Ck37||§g exp |luk — Akﬂ?Hé) exp ||z — HH;
X
k

e Max posterior = min negative log-posterior

r* = argmax P (z|uy.x, 21.¢) = argmin — log P (z|u1.x, 21:% )
. . 2 2 2
o = argmin Y _ ([} — Asallf + ux — Auallg) + llz = w3
Zr
k

inear least squares problem - admits closed torm solution!



but world is nonlinear...

%k = h"“\(z) T nonlinear e. ~ N (0, R)
7 " functions
ur = fr(x) + €y ew ~ N (0,Q)

+ The derivation is similar to previous slides and we get:

v = argmin 3 ([l — ha(@)|% + ke — Fu(@)13) + 1o — 9(x) |2
r k

nonlinear least squares problem

it can be solved efficiently using iterative solvers



Graph interpretation

o = argmin Y (|| — he(@)|I% + lluk — e@)G) + 1 — 9(@)]3
v k

- -
‘.'. & [ [ 5§ r =
. . -
LN N, . T4
. »,
. e, s
. .
¢ ‘e i e
e, O
‘e, [ ]
.,..‘— 0..
. *
. |

L i e vertices: poses to be
estimated

. vy e edges: measurements
$ ] between pair of poses

ot

A Pose Graph Optimization



Mechanical interpretation

g — fr@)Ig) + lln — g@)II3

® measurements as
springs connecting
pairs of masses

e MAP estimate Is the
nosition of the masses
minimizing energy




Iterative optimization: Gauss-
Newton Method

mln Z 17 ()2
f(x)
Imagine this,
. but in 100k
! dimensional

= space



Iterative optimization: Gauss-
Newton Method




Iterative optimization: Gauss-
Newton Method

mln Z |7 (@

)|I*

A . . .
- > linearization

min || AZ — b||7
£r




Iterative optimization: Gauss-

Newton Method

min Z H’I“Z(ZL’)HQ —P I linearization
T

1

min [|AZ — b]|*
£r

v

i*=(A"A)"1ATp




Iterative optimization: Gauss-

Newton Method

min Z H’I“Z(CL’)H2 —P I linearization
x

)

2«

z+ 1

f(z)

I correction

min [|AZ — b]|*
£r

'

i*=(A"A)"1ATp




Iterative optimization: Gauss-

Newton Method

min Z H’I“Z(CL’)H2 —P I linearization
x

)

2«

z+ 1

f(z)

I correction

min [|AZ — b]|*
£r

'

i*=(A"A)"1ATp




Iterative optimization: Gauss-
Newton Method
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Challenges: MAP Estimation for SLAM

e Large scale optimization: ~wrong  MAP
« efficient & incremental solvers exist PSUTIALE - estiitate
X problem keeps growing over time l

* Non-convex optimization
+ avallable initialization technigues (new!)
' possible to study convergence (new!)

e Not robust to outliers
+ possible to iImprove robustness using
robust cost functions
X need more research on performance
guarantees
X dynamic environments




Modern SLAM systems

[1] Keller et al. Real-time 3D Reconstruction in Dynamic Scenes using Point-based Fusion
[2] Whelan et al. Kintinuous: Spatially Extended KinectFusion



SLAM: Challenges

SLAM
solution

&
e Robustness @
I I

e Scalability

e Representation

e Theoretical guarantees

iy
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