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Big picture
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We are going back to estimation, but now consider that we don’t have a model	
of the environment a priori
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Mapping

• “What is around the robot?”	

• Given a robot’s location, construct a representation of the world around it.	

• How do we represent the map?	

• What assumptions do we make about the map? (e.g., static?)
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Localization

• “Where is the robot?”	

• Given a map of the robot’s world, determine where the robot is.	

• We have already seen various solutions to the localization problem (Gaussian 
filters, non-parametric filters, etc.)

4
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SLAM: Simultaneous Localization and 
Mapping
• But …	

• Localization assumes a map to be available	

• Mapping assumes localization to be solved	

• Chicken-and-egg problem

5
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Recall the Bayes’ Filter 

• Recursive Estimate/Posterior belief:

Fi
nd

Prediction 

Correction 

𝑡+
1 𝑡

p (xt−1 ∣ z0:t−1, u0:t−1) ut→ p (xt ∣ z0:t−1, u0:t)
Previous posterior belief Current prior belief

p (xt ∣ z0:t, u0:t) zt← p (xt ∣ z0:t−1, u0:t)
Current prior belief

Measure 

bel(xt) = p(xt |z1:t, u0:t, x0)

But what is ?xt
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Key Considerations

• Map representation	

• Batch vs. Online	

• Data association (feature correspondences)
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Mapping from Known Poses

• Problem statement:	

• We know the trajectory of the robot and we have all of the measurements 	

• We are only estimating the map (  is just the map) 	

• How to represent it?	

• What assumptions should we make about it?	

• e.g. it’s static?	

•

xt

f(xt, ut, wt) = xt−1 → ¯bel(xt) = bel(xt−1)

8



Duckietown 9

k=0 k=1 k=2

k=3 k=4

k=6

k=5

k=7 k=8

k=9 k=10 k=11



Duckietown 10
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If trajectory were given:
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Map Representations

Feature - 
based map

- metric information 
- distinguishable 

landmarks  
- no info about 

obstacles
= free = obstacle  = unknown

Occupancy 
grid map

- metric information 
- traversability, 

obstacles

Point clouds, other 3D maps
entrance

corridor
kitchen

bathroom

bedroomdining  
room

Topological/  
semantic  

map
- no metric 

information 
- semantic 

labels 
- no info about 

obstacles
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Occupancy Grid Maps

• Introduced by Moravec and Elfes in 1985 

• Represent environment by a grid. 

• Estimate the probability that a location is occupied by an 
obstacle. 

• Key assumptions 
• Occupancy of individual cells (m[xy]) is independent 

Robot positions are known!
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Updating Occupancy Grid Maps

• Idea: Update each individual cell using a binary 
Bayes filter. 

• Additional assumption: Map is static
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Ultrasonic Sensor Model

Combination of a linear function and a Gaussian: 

16
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Laser Rangefinder Sensor Model
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z+d1 z+d2

z+d3z

z-d1
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Incrementally Update the Map
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Resulting Map
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Maximum Likelihood Estimate
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Clip the occupancy grid map at a threshold of 0.5
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Feature-Based Maps
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Pose Estimation (with no prior map)

22
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k+1
k

We can estimate 
motion between consecutive  
poses from motion controls 

k=0
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k=12k=13 k=11
k=10

ideal (noiseless) world
Motion integration (odometry)
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k=0

k=1

k=2

k=3

k=4
k=5 k=6

k=
7

k=
8

k 

k=12k=13 k=11 k=10

real (noisy) world

Motion integration (odometry)

k+1
k

We can estimate 
motion between consecutive  
poses from motion controls 
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Motion integration (odometry)
ground truth 

odometry from wheel cmd 



Duckietown

Motion integration (odometry)

what about using  
better sensors?

Inertial Measurement Unit (IMU):  

• accelerometer: accelerations 

• gyroscope: angular velocities 

• magnetometer: magnetic north direction 
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Motion integration (odometry)
ground truth 

odometry (wheel cmd + IMU) 



Duckietown
http://news.nationalgeographic.com/news/

2009/08/090820-walk-in-circles-video-ap.html

Blindfolded people 
 in the desert are not able  
to walk on a straight line

Souman et al. 2008

Motion integration (odometry)

http://news.nationalgeographic.com/news/2009/08/090820-walk-in-circles-video-ap.html
http://news.nationalgeographic.com/news/2009/08/090820-walk-in-circles-video-ap.html
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landmarks: april tags

Pose Estimation + Landmarks
• motion estimation (odometry) drifts over time,  

for any (real) proprioceptive sensor

exteroceptive sensor: 

• Idea: use external landmarks in the environment to  
reduce/avoid drift (need exteroceptive sensors)
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Combining odometry & landmarks: 
the SLAM problem
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Combining odometry & landmarks: 
the SLAM problem
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Feature-based SLAM in Duckietown

32
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Simultaneous Localization and 
mapping
• Problem statement:	

• Jointly estimate the map and the robot pose within the map. 	

• State is now comprised of robot poses and map representation	

• 	

• feature-based representation: 

xt ≜ (pt, m)

m = {lj}

33
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SLAM: a bit of history

1990 2000 2005
EKF-SLAM

20101995 2015
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SLAM: a bit of history

1990 2000 2005
EKF-SLAM

20101995 2015

Particle Filter  
SLAM MAP estimation

Not included in today’s lecture: 
• sparse extended information filters 
• set membership methods 
• topological SLAM 
• many others..
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Recall: the Special Euclidean Group

SE(3): 3D poses,  
rigid motion in 3D

SE(2): 2D pose,  
rigid motion in 2D

{W}
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Recall: the Special Euclidean Group

2D pose  
composition

{W}

{W}

2D pose  
inverse
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SLAM: inputs

2. landmark measurements:

{W}

measurement 
noise

{W}

• Input: sensor measurements 

1. odometry: motion 
noise
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SLAM: outputs
• Output: state estimate

2. Landmark poses:

current pose:                   
or 

entire trajectory:

1. Robot poses:

STATE: 
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A General Solution: The Bayes Filter

Bayes 
Filter

odometry exteroceptive measurements
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Feature-Based SLAM Bayes’ Net

43

Li Lj
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View-based SLAM Bayes’ Net

44

M1:m
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A General Solution: The Bayes Filter

measurement  
model

Prediction (includes odometry in belief)

motion model

Update (includes other measurements in belief)

• feasible for the lane filter (2 parameters to estimate) 

• intractable in high-dimension (as in SLAM)
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Kalman Filter
Idea: add assumptions and parametrize  

the pdf to make Bayes Filter tractable

Generic pdf:

Gaussian pdf:

mean

covariance

information matrix



Duckietown

Kalman Filter
Idea: add assumptions and parametrize  

the pdf to make Bayes Filter tractable

Linear Gaussian Model: Gaussian pdf + linear model

motion model

measurement model
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Kalman Filter
In the linear gaussian model,  

the Bayes Filter admits a closed-form solution

Prediction (includes odometry in belief)

Update (includes other measurements in belief)

Initial  
state:

Motion  
noise:

Measurement. 
noise:
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Kalman Filter
In the linear gaussian model,  

the Bayes Filter admits a closed-form solution

Prediction (includes odometry in belief)

Update (includes other measurements in belief)

Initial  
state:

Motion  
noise:

Measurement. 
noise:
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Kalman Filter

Prediction (includes odometry in belief)

Update (includes other measurements in belief)

Initial  
state:

Motion  
noise:

Measurement. 
noise:

In the linear gaussian model,  
the Bayes Filter admits a closed-form solution
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but our system is nonlinear…

• apply Kalman filter recursion to linearized model 
(but propagate mean using nonlinear model)

Extended Kalman Filter

motion model

measurement model

• take linear approximation around current state estimate
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EKF-SLAM

https://www.youtube.com/watch?v=vCVS9WAffi4 

https://www.youtube.com/watch?v=vCVS9WAffi4
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Limitations
• Filter divergence: linearization may be a poor  

approximation of original nonlinear system

• Scalability: complexity is quadratic in  
the number of landmarks

• Convergence? Consistency?  
hard to provide performance  
guarantees

• Robustness: noise, outliers
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Particle Filter-based SLAM

trajectory posterior mapping from known poses

• posterior factorizes:

• estimate entire trajectory (+ landmarks):
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Rao-Blackwellization

55

16
Landmark 1 Landmark 2 Landmark M…x, y, θ

Landmark 1 Landmark 2 Landmark M…x, y, θParticle
#1

Landmark 1 Landmark 2 Landmark M…x, y, θParticle
#2

Particle
N

…

= P(p1, ..., pk)|u1:k, z1:z)
MY

i=1

P(li|p1:k, u1:k, z1:k)
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Particle Filter-based SLAM

Idea 1: use a set of  
weighted particles to  

approximate trajectory  
posterior

Idea 2: for each  
particle, do mapping 

from known poses
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Particle Filter-based SLAM

Idea 1: use a set of  
weighted particles to  

approximate trajectory  
posterior

Idea 2: for each  
particle, do mapping 

from known poses
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Particle Filter-based SLAM

start

2 samples

motion model

measurement model

Prediction

Weight update

Resampling
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FAST-SLAM - Prediction

60

Particle #1

Particle #2

Particle #3

Landmark #1
Filter

Landmark #2
Filter
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FAST-SLAM Update (pt. 1)
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Particle #1

Particle #2

Particle #3

Landmark #1
Filter

Landmark #2
Filter
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FAST-SLAM Update (pt. 2)
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Particle #1

Particle #2

Particle #3

Weight = 0.8

Weight = 0.4

Weight = 0.1
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Particle Filter View-based SLAM

Grisetti, 2007



Duckietown

samples represent possible trajectories of the robot

Top: 
ground truth 

Left: 
PF-SLAM 

Right: 
mapping  

from  
odometry

Particle Filter view-based SLAM



Duckietown

PF-SLAM in ROS

65

gmapping: ROS 
package for  

PF-SLAM 

Plug & play,  
but requires a  

2D laser scanner  
and a decent  

odometry 

[courtesy of Cyrill Stachniss]
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Advantages & Limitations

66

Relax EKF assumption 
nonlinear, non-Gaussian, 
less strict requirements on measurement model 

Particle depletion 
when uncertainty is large, a limited number of 
particles if a poor approximation of the posterior 
(poor performance in 3D)

# particles VS computational cost 
the more particles, the better the estimate, but  
computationally expensive
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• MAP estimation is an  
alternative to Bayes filter 

• rather than computing/ 
approximating posterior,  

we look for its peak 

Maximum a posteriori (MAP) 
Estimation

67

Bayes 
Filter
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Bayes 
Filter

MAP 
estimator& 

priors

Maximum a posteriori (MAP) 
Estimation
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• we estimate the entire trajectory and the landmark poses 

Maximum a posteriori (MAP) 
Estimation
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Posterior Probability

70

priormeasurement likelihood

• Posterior probability:

• Measurements are independent (recall,                            )

• MAP estimate:

without prior becomes maximum likelihood estimation
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The Factor Graph

71
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Linear Gaussian (LG) Model

72

• Linear measurements with additive Gaussian noise:

• Measurement Likelihoods:

• Gaussian prior:
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MAP Estimation in LG Models

73

• MAP estimate:

• Max posterior = min negative log-posterior

linear least squares problem - admits closed form solution!
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but world is nonlinear…

74

nonlinear least squares problem

it can be solved efficiently using iterative solvers

nonlinear 
functions

The derivation is similar to previous slides and we get:
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Graph interpretation

75

Graph:  

• vertices: poses to be 
estimated 

• edges: measurements 
between pair of poses

Pose Graph Optimization

prior
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Mechanical interpretation

76

• measurements as 
springs connecting 
pairs of masses 

• MAP estimate is the 
position of the masses 
minimizing energy
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Iterative optimization: Gauss-
Newton Method

77

Imagine this, 
but in 100k 
dimensional  

space
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Iterative optimization: Gauss-
Newton Method
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Iterative optimization: Gauss-
Newton Method

linearization
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Iterative optimization: Gauss-
Newton Method

linearization
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Iterative optimization: Gauss-
Newton Method

correction

linearization
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Iterative optimization: Gauss-
Newton Method

correction

linearization
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Iterative optimization: Gauss-
Newton Method

correction

linearization



Duckietown 1997 1999 2004-2005 2006-2009 2010-2012

nr
. p

os
es

101

102

103

104

105

2012-2014

106

Lu & Milios

initial  
formulation, 
Gauss-Netwon

Gutman 
Konolige

sparsity

Olson, Grisetti

gradient 
descent Dellaert 

Tipaldi 
Grisetti

decentralized 
optimization

Kaess 
Dellaert 
Leonard

Folkesson  
Christensen 
Thrun

MAP estimation for SLAM: pose graph optimization,  
smoothing & mapping, optimization-based SLAM
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Google Street View
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Challenges: MAP Estimation for SLAM
• Large scale optimization:

efficient & incremental solvers exist 
problem keeps growing over time 

• Non-convex optimization
available initialization techniques (new!) 
possible to study convergence (new!) 

• Not robust to outliers
possible to improve robustness using 
robust cost functions 
need more research on performance 
guarantees 
dynamic environments 

MAP  
estimate

wrong  
estimate
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Modern SLAM systems

87

[1] Keller et al. Real-time 3D Reconstruction in Dynamic Scenes using Point-based Fusion
[2] Whelan et al. Kintinuous: Spatially Extended KinectFusion
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SLAM: Challenges

• Robustness	

• Scalability	

• Representation	

• Theoretical guarantees

88

SLAM 
solution
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Books
• S. Thrun, W. Burgard, and D. Fox, Probabilistic  

Robotics. The MIT press, Cambridge, MA, 2005. 

Surveys & tutorials
• S. Thrun, “Robotic mapping: a survey,” in Exploring artificial intelligence in the new millennium. Morgan 

Kaufmann, Inc., 2003, pp. 1–35.  

• H. Durrant-Whyte and T. Bailey, “Simultaneous localisation and mapping (SLAM): Part I the essential 
algorithms,” Robotics & Automation Magazine, 2006. 

• T. Bailey and H. Durrant-Whyte, “Simultaneous localisation and mapping (SLAM): Part II state of the art,” 
Robotics & Automation Magazine, 2006. 

• G. Grisetti, R. Kummerle, C. Stachniss, W. Burgard, A Tutorial on Graph-Based SLAM, IEEE Intelligent 
Transportation Systems Magazine, (2)4:31-43, 2010. 

Online references & slides
• Visual SLAM Tutorial, CVPR 2014 (http://frc.ri.cmu.edu/~kaess/vslam_cvpr14/) 

• Future goals and indicator or progress in SLAM, RSS 2015 (http://ylatif.github.io/movingsensors/)
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